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SUMMARY 

This report describes a numerical optimization study conducted to investigate 
optimal performance boundaries, from considerations of maneuver capability and entry 
heating, for an Apollo-type vehicle under entry conditions encountered during lunar 
return. Results presented show the effects on these performance boundaries of variations 
in initial entry conditions and vehicle characteristics and of constraints on such trajec­
tory variables as altitude and acceleration. The effect of the earth 's  rotation on optimal 
performance is also included. Typical trajectories a r e  presented to illustrate and con­
trast the basic nature of various optimal entry missions. 
The results of the study show that there a r e  numerous trade-offs possible between 
maximum maneuver capability and optimal entry heating. The determining factors for 
these trade-offs are the initial entry conditions, the trajectory constraints, and the physi­
cal characteristics of the entry vehicle. The results also show that, although radiative 
effects can account for a significant portion of total entry heating, the trajectories for 
optimal heat entries a r e  largely determined by convective inputs. 
INTRODUCTION 
It is important for practical reasons and of interest academically to investigate 
optimal entry trajectories during return from a lunar mission. From a practical stand­
point, optimal trajectory data can be used to establish performance boundaries for typi­
cal entry vehicles and missions. These boundaries can serve as guides in vehicle and 
mission design studies and as standards for comparing the operation of various entry 
guidance schemes. 
A number of trajectory optimization studies have been carried out in the past. Two 
such studies, given in  references 1 and 2, present typical trajectories for which entry 
heating is minimized and for which lateral  displacement is maximized. Since these 
studies, which were  of a pioneering nature, were primarily directed toward developing 
and illustrating new theories for optimization, only a limited number of trajectory 
results were presented. The present analysis seeks to  expand these previous results 
into a parametric type of study which includes a number of entry conditions, trajectory 
constraints, and vehicle characteristics. The objective of the study is to investigate 
optimal performance boundaries, f rom considerations of maneuver capability and entry 
heating, for an Apollo-type vehicle under entry conditions encountered during lunar 
return. The present analysis makes use of an iterative numerical optimization proce­
dure, based on the method of steepest ascent, to obtain the desired results. 
Optimal performance boundaries from a standpoint of maneuver capability and 
heating a r e  presented for an assumed nominal entry mission. This nominal mission con­
sisted of a parabolic entry into a nonrotating earth's atmosphere by an Apollo-type 
vehicle with an offset center of gravity which produced a lift-drag ratio of 0.5. Results 
a r e  presented showing the effect on these performance boundaries of variations in initial 
entry conditions and vehicle characteristics and of constraints on such trajectory vari­
ables as altitude and acceleration. Also included is the effect of the earth's rotation on 
optimal performance for a number of initial orbital headings. In addition to these 
summary-type results, typical trajectories a r e  presented to  illustrate and contrast the 
basic nature of the different types of optimal entry missions considered in the analysis. 
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SYMBOLS 
drag coefficient 

acceleration due to gravity, meters/second2 (ft/sec2) 

altitude, kilometer (ft) 

lift-drag ratio 

mass of vehicle, kilograms (lbm) 

acceleration dose (fig. 6) 

heat absorbed per unit area at stagnation point, joules/meterZ (Btu/ft2) 
surface area,  meter2 (ft2) 
time, seconds 
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V velocity, kilometers/second (ft/sec) 

Y flight-path angle, degrees 

P density, kilograms/meter3 (lbm/ft3) 

Ta endurance limit to  acceleration (fig. 5), seconds 

QE angular velocity of earth, radians/second 

Subscripts: 

C convective heat input 

i inertial 

0 initial value 

r equilibrium radiative heat input 

S apogee altitude during skip trajectory 

X exit condition for skip trajectory 

A dot over a symbol denotes a derivative with respect to time. 
ANALYSIS 
Computer Program and Optimization Procedures 
The results presented in this qtudy were obtained with a three-degree-of -freedom 
trajectory optimization computer program. A complete description of this program can 
be found in reference 3. However, for convenience, a brief description of the program is 
given in the present analysis along with a discussion of the procedures and terminology 
used. 
Computer program capabilities.- The basic function of the computer program is to 
determine optimal trajectories for point-mass aerospace vehicles. An iterative steepest 
ascent computational procedure is used to determine control-variable time histories 
(angle of attack and roll angle) which yield trajectories satisfying specified initial, in-
flight, and terminal constraints while optimizing selected functions of the terminal state. 
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The program has a capability for optimizing individually a wide variety of state variables 
and functions of state variables. This group of functions, as well as the total stagnation-
point heat input and the total acceleration dose, can be specified as terminal inequality or 
equality constraints. In addition, upper bounds on altitude, heating rate, and acceleration 
can be included as in-flight constraints. 
The computer program treats the vehicle as a mass particle that can accomplish 
coordinated-turn maneuvers. The earth can be approximated as an oblate spheroid and 
a rotating earth and atmosphere can be included. 
Optimization techniques. - The method used in the present study to obtain perform­
ance boundaries for an entry vehicle was to  place individually or collectively in-flight 
and terminal constraints on a trajectory and then to optimize some quantity subject to 
these constraints. For example, a point on a vehicle's maximum range contour or "foot­
print" could be obtained by specifying the down range and maximizing the cross  range. 
The condition on down range is a terminal constraint and can be of the equality (one 
specific value) or inequality (between upper and lower bounds) type. 
An additional form of constraint other than the terminal type was an in-flight con­
straint which was active throughout a trajectory. If, as in the previous example, maxi­
mum cross  range for a specified down range were desired, with the additional require­
ment that the altitude should not exceed some upper bound, this altitude limit would 
constitute an in-flight constraint . 
Numerous other terminal and in-flight constraints can be combined to compute a 
variety of optimal trajectories which a r e  of practical importance in determining per­
formance boundaries for an entry vehicle. 
Scope of Study 
Performance boundaries were computed for a "nominal" Apollo-type vehicle 
entering the atmosphere of a spherical earth at near parabolic velocity. The vehicle gen­
erally considered in the study was one with a lift-drag ratio of 0.5 and a ballistic param­
eter m/CDS of 322 kg/m2 (2.05 slug/ft2). Lift modulation was achieved by rolling 
the vehicle which was trimmed to a constant lift coefficient by offsetting the center of 
gravity. 
The nominal initial conditions considered were for entry into a nonrotating atmos­
phere at an altitude of 121.92 km (400 000 ft)  with a velocity of 10.972 km/sec 
(36 000 ft/sec) and a flight-path angle of -6.5O. These initial conditions a r e  near the 
center of the available entry corridor during return from a lunar mission. All entries 
were terminated at an altitude of 30.48 km (100 000 ft) since below this altitude the 
vehicle is approaching terminal velocity and little control of the trajectory is possible. 
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Deviations from the previously stated nominal conditions were also studied. The 
effect on performance of variations in the initial entry angle and velocity of up to  *lo 
and *1.22 km/sec, respectively, were included. Also considered was the effect of 
changes in vehicle characteristics. These changes consisted of variations in L/D over 
the range from 0.2 to 0.5 and changes in the ballistic parameter of up to *40 percent from 
the nominal value of 322 kg/m2. In addition, the effect on performance of entry into an 
atmosphere which rotated with the earth was studied for various initial heading angles. 
Heating considerations included a determination of the total stagnation-point heat 
input due to convection and equilibrium radiation. The following equations were used for 
these calculations: 
Convective : 
Qc = 20P1/2 ( 1 0 0 0 ~Btu/ft2-sec 
Radiative: 
where velocity is in ft/sec and density is in slugs/ft3. An effective nose radius of 1foot 
was assumed for both radiative and convective inputs. 
Equations (1)a r e  based on an empirical fit to experimental data. The convective 
heat equation is of a generally accepted form and has been used in numerous studies in 
the past. The radiative equation is based on results given in reference 4. The coeffi­
cients and exponents used in this equation apply only for velocities between about 8.5 and 
11.5 km/sec. However, as shown in reference 4, no significant contribution to entry 
heating due to radiation would occur for velocities below about 8.5 km/sec. 
Most of the results to be presented which relate to entry heating include only con­
vective effects. This condition resulted from a greater confidence in the equation and 
coefficients used to represent convective heating and was  due to an uncertainty in the 
weighting factor between convective and radiative inputs. Although the assumed repre­
sentation for radiative heating (eq. l(b)) may be less accurate than that for convective 
heating, limited radiative results are ,  nevertheless, presented to  bring out some of the 
interesting features associated with radiative heating. This emphasis on convective 
heating is, however, not a serious drawback since, as was shown in reference 4 and as 
will be shown in the present analysis, convective effects account for a large part  (about 
90 percent) of the total heat input for entry velocities below about 11km/sec. 
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in the roll-angle time history have resulted--g: 120- in a 40-percent reduction in the entry time -d 
c 	 - for this trajectory as compared with the 
. - _ _ _ _ - - ­-
m ­
2 60- nominal trajectory. The shape of the roll-

angle curve in figure 1 is of considerable 
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It should be emphasized that the data 
presented in figure 1and to be presented 
I I I L 1 I . J .  _J throughout the report  represent only a near­
0 100 200 300 optimal solution. For example, the data of 
Entry time, sec 
figure 1 were obtained with 12  iterations of 
Figure 1.- Nominal and optimal trajectories for minimum time 
the optimization program. An additional 12entry. Vo - 10.972 km/sec; ho = 121.92 km; yo - -6.5O; 

m/CDS - 322 kg/m2; VD - 0.5. iterations, which doubled the computing time, 
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led to small  changes in  the roll-angle history and caused it to approach the ideal bang-
bang control more closely, but resulted in no significant reduction in  entry time. Thus, 
to  conserve computer time, the results presented in this report were obtained by termi­
nating the convergence procedure after the function to  be optimized had approached the 
true optimal within practical limits. 
RESULTS AND DISCUSSION 
Maximum Maneuver Capability 
The maneuver capability or terminal footprint for an Apollo type vehicle with an 
offset center of gravity was determined for a variety of initial entry conditions and tra­
jectory constraints. This footprint was determined by maximizing the cross  range of the 
vehicle subject to various in-flight and terminal constraints. The results to  be presented 
in this section were obtained for a vehicle with a lift-drag ratio of 0.5, an m/CDS of 
322 kg/m2, and an entry altitude of 121.92 km. The effects of changes in lifting capability 
Down range - 1200 n. mi. 
Down range = 3000 n. mi. 
-a­

m m
30 
and ballistic parameter of the vehicle are 
presented in later sections of the report. 
Unless specified otherwise, a nonrotating 
earth and atmosphere a r e  assumed. 
Effect of entrv angle on maneuver 
capability.- Shown in figure 2 a r e  typical 
maximum cross-range trajectories for 
entries with down range constrained to 
1200 and 3000 nautical miles. These 
results a r e  for an entry velocity of 
10.972 km/sec (36 000 ft/sec) and an ini­
tial flight-path angle of -6.5O.1Except for the roll-angle histories, m 
200e u 
 0 
-
4 I I I I I I I 
0 500 loo0 1500 Zoo0 2500 3000 
Down range, n. mi. 
Figure 2.- Typical maximum cross-range entry trajectories. 
V, - 10.972 km/sec; ho = 121.92 km; ho = -6.5O; 
m/CDS = 322 kg/m2; L/D  = 0.5. 
the variations shown in figure 2 a r e  very 
similar for both the short- and long-range 
trajectories. For both trajectories maxi­
mum cross  range is attained by executing 
a heading change during the initial pullup 
and then proceeding on a near-constant 
heading (during which the vehicle is in a 
near-ballistic path) until the end of the 
entry is approached at which time an addi­
tional heading change is made. For the 
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short  range entry the initial change in  heading is greater since less upward lift is 
required and, hence, more lift can be directed laterally. (It should be recalled that, for 
the assumed vehicle, maximum upward lift occurs for a roll angle of Oo; maximum down­
ward lift, for a roll angle of 1800; and maximum side force, for a roll  angle of *goo). 
The general effect of entry angle on maneuver capability is given in  figure 3. 
Shown here is a portion of the terminal footprint at entry angles of -5.5O, -6.5O, and 
-7.5O as well as the convective heating which resul ts  during these entries. The trend 
is as expected, shorter  minimum down ranges occurring for the steeper entry angles and 
greater maximum cross  ranges generally occurring for the shallower entry angles. As 
figure 3 shows, the convective heating increases as down range increases and the heating 
is smaller for the larger entry angles. For a specified down range, the initial accelera­
tion pulse is greater for the steeper entry angles and results in  a reduced total heat 
input as is shown in a later section of the report. 
Included in  figure 3 a r e  ranges up to 3600 nautical miles from the entry point. The 
computing time for longer ranges is prohibitive because of the long flight t imes resulting 
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Figure 3.- Effect of entry angle on maximum range capability and 
resultant convective heating. Vo - 10.972 km/sec; 
ho - 121.92 km; m/CDS = 322 kg/m 2 ; L/D - 0.5. 
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from the skip maneuvers required 
to attain those ranges. Computa­
tional difficulties also arise in the 
convergence procedure for these 
skip trajectories because of the 
extreme sensitivity of range to 
changes in the control-variable 
program during the initial pullup 
phase of the entry. Thus, com­
plete entries involving long skip 
trajectories were not included in 
the present study. However, some 
general effects of interest during 
skip maneuvers are considered in 
a later section of the report. 
Entries with ranges near the 
upper and lower limits given in 
figure 3 a r e  of particular interest. 
At the upper limit the possibility 
of limiting the skip altitude exists, 
whereas at the lower limit the 
requirement for constraining 
acceleration arises.  An analysis 
--- 
of these two flight modes is given in the subsequent sections. Unless  specified other­
wise, the results presented throughout the remainder of this report  a r e  for an entry 
angle of -6.50. 
Effect of altitude constraint on maneuver capability. - Entries with ranges between 
about 1800 and 3600 nautical miles can be achieved by performing either a direct or skip 
entry. Certain advantages exist for each type of trajectory. During a skip entry the 
vehicle spends a portion of the trajectory outside the atmosphere and this condition 
results in reduced aerodynamic heating. However, from a trajectory-control standpoint, 
a direct entry might be preferred since aerodynamic forces can be applied to the vehicle 
throughout an entry. The effect of altitude constraints on the maximum maneuver capa­
bility of an entry vehicle is now examined with the aid of figure 4. 
Figure 4(a) shows the effect of an altitude constraint on a maximum cross-range 
trajectory with a down range of 2400 nautical miles. Shown in this figure a r e  trajectories 
with no altitude constraint and with the skip altitude limited to 80 km (260 000 ft). This 
limit was chosen since, above this altitude, aerodynamic forces a r e  insufficient for effec­
tive trajectory control. 
No h constraint 
h 5 80 km
S ­
,. 
1 I+ 
Down range, n. mi. 
(a) Typical maximum cross-range trajectories with altitude 
constraint included. 
Figure 4.- Effect of altitude constraints on maximum cross range 
and resultant convective heating Vo - 10.972 km/sec; 
ho = 121.92 km; yo - -6.50; m/CDS = 322 kglm2; L /D  = 0.5. 
An examination of figure 4(a) shows that 
for the unconstrained trajectory, the vehicle 
executes a skip maneuver and follows a near-
ballistic path for a par t  of the entry. During 
this period no control of the trajectory is pos­
sible; thus, the roll  angle remains constant at 
the reference value. For the trajectories 
presented in figure 4(a) the maximum cross  
range is nearly the same, only a 3-percent 
reduction resulting from the altitude con­
straint. However, because of the reduced 
altitude profile for the constrained trajectory, 
an increase of about 15  percent in the convec­
tive heating occurs. 
As the data of figure 4(a) a r e  for a 
down-range condition of 2400 nautical miles, 
it is of interest to examine the effect of an 
altitude constraint on maneuver capability 
and heating for other down-range conditions. 
This effect is shown in  figure 4(b) for ranges 
between 1300 and 3600 nautical miles. As 
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in figure 4(a), trajectories are given with no altitude constraint as well as with an 
altitude constraint of 80 km imposed. 
The results of figure 4(b) fol­
.E$ 1600 
No h constraint low the same pattern as that of fig­
u re  4(a), the altitude constraint 
0-l leading to small  reductions in the;500r 
2 i maneuver capability but causing a e 
V 
5 400:1 considerable increase in  convective 
E - heating. For example, between the 
x 
2. 3001 ' down-range limits of 1800 and 
3600 nautical miles, the reduction in 
cross,range varies from 0 to about 
/-
I/-- 6 percent and over the same region 
.g 10 
1 / 
/ 
I 
the increase in heating varies from 0 
0 ) I / 
2 
/ 
/ to about 35 percent. Although the 
/
'5 * L  ,//---- heating levels given in figure 4(b) for 
E 6 1  I I I I I I the altitude-limited trajectories may
loo0 1500 2ooo 2500 3000 3500 4OOO not appear to  be excessive, it should
Down-range constraint, n. mi. 
be stated that they approach the 
(b) General effect of altitude constraint on maximum cross range maximum heating attainable for com­and resultant convective heating. 
Figure 4.- Continued. 
parable down-range conditions as is 
shown in a later section. 
The effect on maximum maneuver capability and heating of varying the altitude 
constraint is given in figure 4(c) for down-range conditions of 1200, 1800, and 2400 nauti­
cal miles. The upper altitude limit for each down range (85km for 1800 nautical miles 
down range) corresponds to the skip altitude attained for maximum cross-range entries 
with no altitude constraint imposed (fig. 3). Thus, reduction in  the altitude constraint 
from these peak values must lead to reductions in the maximum cross  range as is shown 
in figure 4(c). (If, for some reason, ,the maximum skip altitude was specified to be 
greater than the upper limits of figure 4(c), a reduction in the maximum cross  range 
would again result.) The lowest altitude limits shown in figure 4(c) (62km for 1800 nau­
tical miles down range) correspond approximately to the minimum altitude constraint 
which can be imposed and still allow the down-range condition to be satisfied. 
In general, figure 4(c) shows that for a particular down range, large decreases in 
the skip-altitude limit from its unconstrained value lead to small  reductions in the maxi­
mum cross  range. However, as the lower altitude limit is approached, small  changes in 
the altitude constraint result in large reductions in maneuver capability since lift must 
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(c) Effect of varying altitude constraint on maximum cross range 
and resultant convective heating. 
Figure 4.- Concluded. 
be directed largely into the vertical plane 
to achieve the required down range. Fig­
ure  4(c) also shows that, for the range of 
conditions shown, convective heating 
increases almost linearly with decreases 
in the maximum skip altitude. 
Effect of acceleration constraint on 
maneuver capability. - For ranges less than 
about 1000 nautical miles, a need exists for 
limiting the acceleration levels of the 
assumed vehicle. One approach would be 
to  constrain the peak acceleration during 
entry. Another approach, which is possibly 
more realistic for manned entry missions, 
is to  limit the acceleration dose acquired. 
This approach is used in  the present 
analysis. 
The concept of an acceleration dose 
involves computing a weighted sum of 
acceleration over the entire trajectory. 
The weighting factor is based on the accel­
eration loads which can be endured during 
entry without impairing a person's ability 
to  perform necessary piloting functions. Several centrifuge studies have been made in 
the past to determine realistic endurance limits for human pilots. The limits used in the 
present study were based on the results of reference 6 and a r e  given in figure 5. (The 
endurance limits shown a r e  for an acceleration directed through the pilot's chest, from 
front to back.) 
Figure 5 shows the endurance limit in seconds as a function of the acceleration 
level in g units. For a particular acceleration this figure gives the time in which a 
pilot can function properly. For example, a pilot can sustain an acceleration of 12g for 
up to 60 seconds and continue to perform his assigned tasks. 
The curve shown in figure 5 is incorporated into the optimization procedure in the 
following manner. Throughout an entry an acceleration penalty function Pa is accumu­
lated by integrating the reciprocal of the endurance limit corresponding to whatever value 
of acceleration the vehicle is subjected (,Pa = 1;E). If, at the end of an entry, Pa 
11 
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Acceleration , g-units 
Figure 5.- Acceleration dose curve showing endurance limit to 
various levels of acceleration. 
is greater than unity, an excessive accelera­
tion dose has been acquired, whereas for 
final values of Pa less than 1.0, the pilot 
has been subjected to  a smaller acceleration 
load than could have been tolerated. Thus, 
Pa can-be treated as a problem constraint 
and can be limited to whatever terminal 
value is desired. It should be noted that, 
although no extensive experimental justifica­
tion exists for the use of acceleration dosage 
as a performance criterion, the concept is 
mathematically convenient. 
Figure 6(a) shows a typical trajectory 
of the type for which an acceleration con­
straint  is required. Shown in this figure is 
an entry with nominal entry conditions for 
which the down range was minimized subject 
to the condition that the acceleration dose is 
less  than or equal to 1.0. If acceleration 
were not limited, maximum negative lift 
would obviously be employed to achieve min­
imum down range which would result in 
unreasonable vehicle loads. The roll-angle 
history of figure S(a) shows that as the acceleration starts to  increase, the roll angle is 
reduced to increase upward lift and hence to limit the peak acceleration. Thus the range 
is minimized while acceleration is restrained to acceptable levels. 
Since only an acceleration constraint was imposed on the minimum range trajectory 
of figure 6(a) a final cross  range of about 100 nautical miles results for this entry. This 
lateral  offset occurs since, for the assumed fixed-angle -of -attack vehicle, variations in 
vertical lift must result in changes in the heading of the vehicle as trajectory control is 
achieved by roll modulation. Thus, it is of interest to examine minimum range entries 
for which, in addition to an acceleration constraint, the final cross  range is constrained 
to zero. 
A minimum range trajectory with zero cross  range and with the acceleration dose 
constrained to a value of 1.0 is shown in figure 6(b). This trajectory can be compared 
with the similar minimum range trajectory of figure 6(a) for which cross  range was not 
constrained. If the roll-angle variations a r e  disregarded, the trajectories of figures 6(a) 
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(a) Typical minimum down-range trajectory. (b) Minimum down-range trajectory with final cross range 
constrained to zero. 
Figure 6.- Effect of acceleration constraints on minimum down-range entries. Vo = 10.972 km/sec; ho - 121.92 km; 
y o  = -6.5O; m/CDS = 322 kg/m2; L/o - 0.5. 
and 6(b) a r e  very similar,  a penalty of about 40 nautical miles resulting from the cross-
range constraint. However, the roll-angle history for the zero cross-range entry 
departs radically from that of figure 6(a) with a near-constant roll  rate being employed 
during the entry. This roll  rate maintains the cross range near zero throughout the 
entry. Thus, for straight-ahead minimum range entries, near-constant roll  ra tes  a r e  
used throughout the entry, the cross-range constraint causing small  increases in mini­
mum range. 
The general effect on maneuver capability of varying the acceleration constraint is 
given in figure 6(c). This figure shows the minimum down range, peak heating rate, and 
peak acceleration of trajectories for which the acceleration dose was constrained to  
values between 0.2 and 1.0. Figure 6(c) shows that minimum down range is determined 
by the allowable acceleration dose and that the peak acceleration and peak heating rate 
decrease almost linearly as acceleration dose is reduced. 
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Although acceleration dose was 
used as the limiting factor in the data 
of figure 6(c), a related quantity 
would have been the peak heating rate. 
For short-range trajectories, the 
entry t ime is relatively small; thus, 
the total heat input is also small. 
However, the heating rates can 
become excessively high for these 
entries if  no constraints a r e  imposed. 
A constraint can be applied as a 
7 '  I I direct limit on heating rate or, as is 
shown in figure 6(c), can be indirectly 
achieved by limiting acceleration 
since acceleration and heating rate 
a r e  closely related. Acceleration 
dose, rather than peak heating rate, 
was used in the present analysis 
5 700 since its use effected a more rapid.-E 
.-c 
I 6000 .4 .6 .8 1.0 convergence of the optimization
'I I .2I l 

procedure. 
Acceleration dose, Pa 
Effect of initial velocity on 
(c) General effect of acceleration constraints on minimum range. maneuver capability. - Results of 
Figure 6.- Concluded. previous sections of this report have 
been based on entry with an initial velocity of 10.972 km/sec (36 000 ft/sec). The effect 
on maneuver capability of variations in the initial velocity is now examined with the aid 
of figure 7. 
Figure 7(a) gives typical maximum cross  -range trajectories with initial velocities 
of 12.192 km/sec (40 000 ft/sec) and 9.754 km/sec (32 000 ft/sec). The down range for 
these entries was 2400 nautical miles and the initial entry angle was -6.50. These t ra ­
jectories can be compared with the similar trajectory of figure 4(a) which has an initial 
velocity of 10.972 km/sec. As expected, figures 7(a) and 4(a) show that the maximum 
cross  range and convective heating increase as the initial velocity increases. The roll-
angle histories for the three entries follow similar trends, the principal difference being 
that they a r e  displaced such that more upward lift is used as the initial velocity is low­
ered. The flat portions in the roll-angle curves of figure "(a) occur while the vehicle is 
outside the effective atmosphere and no control of the trajectory is possible. 
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Figure 7.- Effect of in i t ia l  velocity on maximum cross range and resultant convective heating. ho = 121.92 km; 
yo = -6.5O; m/CDS = 322 kg/m2; L/D = 0.5. 
The general effect of initial velocity on maneuver capability and convective heating 
is given in figure 7(b) for three down-range conditions. Figure 7(b) shows, as did 
figure ?(a), that the maximum cross  range, for a particular down range, increases as 
the entry velocity becomes larger.  The convective heating is shown to vary almost 
linearly with initial velocity for each down-range condition. It is of interest to note that 
at the lowest initial velocity given in figure ?(b), the maximum cross  range is smaller 
for the 3600-nautical-mile entry than for the 2400- or 1200-nautical-mile entries. This 
condition results since for the long-range low-velocity entry, most of the lift must be 
used in meeting the down-range constraint and, hence, little lift is available for lateral  
maneuvering. 
._  _.Comparison of maximum maneuver capability with that obtained by use of typical 
entry guidance systems.- It is of interest to  compare the results of the present analysis 
with those of previous studies in which the maneuver capability for Apollo-type vehicles 
was determined by using entry guidance systems based on analytic techniques as well as 
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systems for which a human pilot was included in the control loop. Although an accurate 
comparison is difficult because of differences in computational methods and assumptions, 
the general trend can be established for certain classes of entry missions. The present 
discussion is limited to  trajectories for which no in-flight constraints a r e  imposed since 
this type of entry offers the best basis for comparison. Thus, the following remarks a r e  
largely concerned with relating the results of figure-3 to data from previous studies. 
Consider the results of reference 7 which were for a vehicle and mission similar 
to  that of the present study and which were computed by using a reference trajectory type 
of automatic guidance system. These results, which include the maneuver capability for 
various entry conditions, compare with those of figure 3 as follows. For similar entry 
conditions, the maximum cross-range data of figure 3 a r e  significantly greater than 
those of reference 7, the increases varying from about 15 percent for a down range of 
2600 nautical miles to 30 percent for a range of 1300 nautical miles. The minimum 
range conditions shown in figure 3 are also found to be substantially reduced over those 
of reference 7, reductions of 200 nautical miles or more being realized. A compari­
son of figure 3 with similar results for pilot-controlled entry, such as a r e  given in ref­
erence 8, yields the same general pattern as that for automatic guidance systems. Thus, 
although range capability results of the present analysis do not depart radically from 
those obtained with practical entry guidance systems, significant increases in maneuver 
capability can be realized with the optimal trajectories. 
Further insight into the conclusions of the foregoing discussion can be achieved by 
comparing the nominal trajectories used to initiate the optimization process with the 
resulting optimal trajectories. The nominal trajectories generally used for maximum 
cross-range entries were computed with a constant roll  angle such that the desired te r ­
minal constraint on down range was satisfied. For example, a constant roll-angle of 710 
was used in establishing the nominal trajectory for the long range entry of figure 2. The 
increase in  cross range for  an optimal entry over that for the corresponding nominal 
trajectory was from 20 to 30 percent over the spread of conditions given in figure 3. 
This increase in cross-range capability is seen to  compare favorably with that found 
when optimal data a r e  contrasted with those obtained with other entry guidance schemes. 
Optimization of Entry Heating 
In this section the analysis departs from a direct consideration of terminal maneu­
ver capability and various aspects of entry heating a r e  investigated. The objective is to 
establish heating boundaries for  various entry conditions and to show the effect of appro­
priate constraints on these boundaries. As previously described, the primary a rea  of 
interest is convective heating. Nominal initial conditions are used unless otherwise 
specified. 
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Convective heating boundaries. - Lower and upper limits on entry heating were 
established by either minimizing or maximizing the heat input for various trajectory con­
straints. Typical minimum and maximum heat trajectories a r e  given in figure 8 for 
entries with a down range of 1200 nautical miles. 
The minimum and maximum or optimal heat trajectories shown in figure 8 a r e  very 
different in  nature. For the minimum heat trajectory, negative lift (roll angle > 90°) was 
initially used to force the vehicle into the dense atmosphere. As acceleration increased 
to  a peak value of about 30g, the roll angle was rapidly reduced to zero  and thus produced 
maximum upward lift. This l i f t  caused the vehicle to exit the atmosphere and follow a 
ballistic path to the reentry point where a second acceleration pulse was encountered. 
The maximum heat trajectory of figure 8 consists of an initial pullup using maximum up­
ward l i f t  followed by a near-constant-altitude trajectory to the desired terminal point. In 
contrast to the sharp but high acceleration pulses for minimum heating, this maximum 
heat trajectory features low levels of acceleration throughout the entry. The steady 
increase in  convective heating for this trajectory results in a 60-percent increase in heat 
input over that for the corresponding minimum heat trajectory. 
An interesting feature of minimum and 
Minimum Qc maximum heat trajectories is that for the180 Maximum Qc 
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is considerably longer for a minimum heat 
entry than for the corresponding maximum 
heat entry. For example, with the entries 
given in figure 8, the minimum heat entry 
required 403 seconds whereas the maximum 
Thisheat entry required only 290 seconds. 
result occurs since the vehicle decelerates 
rapidly during the initial part  of the minimum 
.-6 r 8 x 1 0  heat entry and then spends a large portion of 
c /
/ 
the entry in near-ballistic flight at reducedh2 ,/--velocity (V = 4.2  km/sec (13 780 ft/sec) at> 
apogee of skip for entry in  fig. 8).u 0 0. I *~u
An explanation for the minimum heating 
Y trajectory of figure 8 is found in reference 9, 
2z- l40 : : F F q where it is shown that to  achieve minimum-c
4 	 I l l heating, the vehicle maintains the highest 
0 200 400 600 80- lo00 1200 
Down range, n. mi. Reynolds number consistent with the load limit 
Figure 8.- Typical minimum and maximum convective heating and, hence, the lowest ratio of friction to 
trajectories. Vo - 10.972 km/sec; ho = 121.92 km; pressure drag. Although, as shown in refer-
yo = -6.50; m C S - 322 kg/m 2 ; LID = 0.5. ence 9, the ideal lower boundary on convective/ D  
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heating load would be provided by a constant maximum deceleration slowup, this result  is 
not possible for entries with a down-range constraint. Thus, for these entries, the range 
constraint forces a compromise such that minimum heating is achieved by slowing down at 
the highest rate and earliest  time possible and then by rapidly exiting from the atmosphere 
with just enough energy to attain the desired range. The determining factors behind the 
shape of the maximum heating curve of figure 8 a r e  obvious. The vehicle merely attains 
and maintains the largest possible heating rate consistent with the down-range constraint. 
Therefore, although this heating rate may be less  than that for other type trajectories, it 
is maintained at a near-constant value throughout the entry and thus increases the heat 
"soak-time." 
Minimum and maximum heat trajectories for other down range conditions a r e  simi­
lar to  those given in figure 8. For longer ranges the minimum heat entries must naturally 
skip to higher altitudes, whereas the maximum heat entries must ascent into less  dense 
atmosphere in  order to meet the down-range constraints. However, in general, minimum 
heat trajectories a r e  characterized by large initial acceleration pulses and ballistic skips 
(ref. 1) whereas maximum heat trajectories feature low-altitude low-acceleration flight 
paths. 
A summary plot showing minimum and maximum heat boundaries for various down­
range conditions is given in figure 9. The results given in this figure were obtained by 
either maximizing o r  minimizing entry heating with only a down-range constraint imposed. 
Thus, as is shown in later sections of this report, some of the trajectories on the mini­
mum heating contour of figure 9 would be unrealistic from a manned mission standpoint 
because of the large acceleration 
peaks encountered for short  
/
/--ranges and the high skip altitudes 
which result for the longer range10 fia@/ 'G A 
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-down-range entries. Vo - 10.972 k;n/sec; ho - 121.92 km; 
yo = -6.5'; m/CDS = 322 kg/m2, L/D - 0.5. 
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entries. 
In addition to giving bound­
aries on convective heating, fig­
ure  9 a lso provides other useful 
information. For example, con­
sider an entry with the same 
initial conditions as figure 9 for 
which, because of heat-shield 
I I 
that for these conditions the 
upper and lower limits on 
down-range capability would be about 1700 and 500 nautical miles, respectively. Thus, 
for entries with an upper limit on heat input, the data of figure 9 give information on a 
vehicle's maximum maneuver capability or terminal footprint. 
In the section "Maximum Maneuver Capability,'' a comparison was  given between the 
nominal trajectories used to initiate the optimization procedure and the optimal trajec­
tories which resulted. A similar discussion regarding the data of figure 9 is of value 
since it offers a possible standard for comparison of heating attained on typical entry tra­
jectories with that achieved under optimal conditions. 
As before, the nominal trajectories generally used for optimal heat entries were 
computed with a constant roll  angle such that the desired terminal constraint on down range 
was satisfied. Thus, if points on the minimum or maximum boundaries of figure 9 were 
desired for a particular down-range condition, a constant roll-angle trajectory which gave 
this down range was used as the nominal. The optimal heat entries represented in figure 9 
compared with the assumed nominal trajectories in the following manner. The heat input 
for a minimum heat trajectory was generally about 30 percent less  than that for the corre­
sponding nominal trajectory whereas the input for a maximum heat trajectory was  about 
20 percent greater than that for the corresponding nominal trajectory. For example, 
with a down range of 1800 nautical miles, the heat input for the nominal trajectory was 
7.4 X 108 J/m2. Thus, as shown in figure 9, a reduction of 31 percent was achieved by 
minimizing entry heating whereas an increase of 19 percent was realized for the maximum 
heating entry. 
Effect of trajectory constraints on convective heating boundaries. - As previously 
described, minimum heat trajectories for relatively short range entries a r e  characterized 
by high levels of peak acceleration. Thus, for these entries, acceleration constraints a r e  
advisable. Figure lO(a) shows the effect of an acceleration constraint on a typical mini­
mum heat trajectory. For the entry given in this figure the down range was 1200 nautical 
miles and the acceleration dose was limited to  a value of 1.0. For comparison purposes 
the unconstrained minimum heat trajectory of figure 8 is also given. 
An examination of figure lO(a) shows that the acceleration constraint leads to  a reduc­
tion in  the initial acceleration peak of about 12g over that of the unconstrained entry. The 
acceleration constraint, in effect, also acts as an altitude constraint since it lowers the skip 
altitude by about 20 kilometers. This lower skip trajectory and smaller acceleration result 
in an increase of about 17 percent in convective heating as is shown by figure lO(a). 
The overall effect of acceleration constraints on heating boundaries is given in fig­
u re  10(b) for various down-range conditions and a number of acceleration constraints. 
Shown also in figure 1O(b) is the peak acceleration attained for each condition on the heat-
boundary contours. As expected, this figure shows that reductions in the allowable accel­
eration dose result in increases in the minimum heating for corresponding down-range 
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(a) Effect of 	 acceleration constraint on typical minimum (b) General effect of acceleration constraints on optimal con-
convective heating trajectories. vective heating boundaries and on peak acceleration. 
Figure 10.- Effect of acceleration constraints on optimal convective heating boundaries. Vo = 10.972 km/sec; ho = 121.92 km; 
y o  = -6.50; m/CDS = 322 kg/m2; L/D = 0.5. 
conditions. Also, for acceleration doses of about 0.5 o r  less, the maximum heat bound­
a r y  is reduced for conditions near the lower limit on down range. 
The acceleration curves of figure 10(b) show that for down ranges greater than 
about 1000 nautical miles, the peak acceleration attained is nearly constant for a speci­
fied level of acceleration dose. Thus the dose limit imposed acts indirectly to constrain 
peak acceleration to  a particular level. It should be stated that this effect is not revers­
ible. For example, i f  minimum heat trajectories were computed with a peak acceleration 
constraint imposed, the resulting acceleration dosage would not necessarily correspond 
to  the levels shown in figure lO(b). The dose levels should, in fact, be generally higher 
than those given in figure 1O(b) since minimum heating would probably be achieved by 
maintaining the acceleration at its upper limit for as long a time as is consistent with the 
down-range constraint. 
Because of the inherent tendency of unconstrained minimum heat entries to follow 
skip trajectories, it is of interest to investigate the effect of an altitude constraint on 
these trajectories. This altitude-constraint effect will now be examined with the use of 
figure 11. 
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Figure 11.- Effect of altitude constraints on optimal convective 
heating boundaries. Vo = 10.972 km/sec; ho = 121.92 km; 
yo - -6.5'; "/COS = 322 kg/m 2 ; l / D  - 0.5. 
Typical minimum heat trajectories a r e  
given in  figure ll(a) for entries with and with­
out an altitude constraint. For the entries 
shown, the down range was 2400 nautical 
miles and in one entry the skip altitude was 
limited to 80 kilometers. The unconstrained 
trajectory of figure ll(a) is similar to that of 
figure lO(a), the skip altitude approaching 
160 kilometers. On the altitude-limited tra­
jectory, the vehicle pulls up more rapidly and 
then uses negative lift to  reduce the flight-
path angle to zero  at the desired skip altitude. 
This lower altitude trajectory results in an 
increase in  heating of about 30 percent over 
that for the unconstrained trajectory of 
figure ll(a). 
The general effect of an altitude con­
straint on heating boundaries is given in fig­
ure  l l(b).  This figure gives the minimum 
and maximum heating attainable for various 
down-range conditions and altitude constraints. 
Also given is the skip altitude which results 
for trajectories on the unconstrained minimum 
and maximum heating contours. As is shown 
in figure l l(b),  decreases in the skip-altitude 
constraint result in increases in minimum 
heating. The skip altitude also determines the maximum down range for an entry as is 
shown by the contours in figure l l (b)  for  which the skip altitude was  limited to 60 km. 
Note that for the range of conditions included in figure l l (b) ,  only the 60-km altitude con­
straint  affects the upper limit on heating, the effect being a lowering of this boundary for 
ranges greater than about 1000 nautical miles. 
The increased heating due to long range coast in the atmosphere as compared with 
skip trajectories, shown in figure l l(b),  may not impose a proportional penalty on the heat 
shield. For example, with a charring ablator type of heat shield (refs. 10 and ll),a por­
tion of the heat is dissipated by reradiation. Thus, the longer duration heat pulses 
achieved on altitude-limited entries (fig. ll(a)) may result in a greater percent of the total 
heat input being dissipated by reradiation. Since this ablation effect could not be included 
in  the present study, a possible need exists for more refinement in the future studies in 
representing the properties of ablating materials. 
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The data of figure l l (b)  can also 
Minimum 4, be interpreted in  a manner similar to  
Maximum
"[I / 	 that which was given in  the discussion 
of figure 9. For example, consider 
entries for which, because of vehicle 
and mission requirements, the skip 
altitude must remain below 80 kilo­
meters  and the total convective heat 
load must not exceed 7.5 X 108 J/m2.t 
O U ! I I I I I 	 For these conditions figure l l (b )  shows 
that the maximum down range attain­
able is 2500 nautical miles and, if  
acceleration is not limited, the mini­
mum range is about 500 nautical miles. 
However, in addition to the heating and 
altitude constraints, assume that the 
acceleration dose must not exceed a 
value of 0.25 which, as is shown in fig­
ure  10(b), would limit peak acceleration 
to  about log. For this acceleration 
I I I I , constraint, figure 10(b) shows that the 
0 500 looO l5O0 2500 3000 3500 4o00 minimum down range would be about-
Down-range constraint, n. mi. 
(b) General effect of altitude constraints on optimal convective 950 nautical miles. A further check 
heating boundaries. must be made to assure  that the maxi-
Figure 11.- Concluded. 
mum and minimum range conditions 
given a r e  consistent with all the heating, altitude, and acceleration constraints. By 
referring to figures l l (b)  and 10(b), it is seen that the maximum down range condition 
results in an acceleration dose smaller than the limit of 0.25 and the minimum range 
entry has a skip altitude below the 80-kilometer limit. Therefore, for the assumed con­
straints, the maneuver capability of the vehicle is between 950 and 2500 nautical miles. 
Thus, as has been shown in a previous example, the heating boundary results presented 
can be used to establish upper and lower limits on range capability. 
_ _  -Effect of initial entry conditions on convective-heating boundaries. - Previous 
heating results were only for cases with nominal values for the initial entry conditions 
(vo= 10.972 km/sec, yo = -6.50). The effect on entry heating of variations in the ini­
tial entry conditions is now considered. Typical trajectories for various entry velocities 
and entry angles a r e  not given as they a r e  similar in nature to  those previously shown in 
figures lO(a) and ll(a) for nominal entry conditions. 
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The effect of changes in the entry angle on minimum and maximum convective 
heating is given in  figure 12. This figure, which is for a nominal velocity of 
10.972 km/sec, shows the effect on heating of varying the entry angle from about -5.50 to 
about -7.50 for a number of down-range conditions. Also shown in the figure is the peak 
acceleration and the peak heating rate attained for each entry. Over the range of condi­
tions given in figure 12, both the upper and lower bounds on heating increase almost line­
arly as the entry angle becomes shallower. The figure also shows, as could be expected, 
that the peak acceleration and peak heating rate for minimum or maximum heating is 
reduced as the entry angle is reduced. Only one acceleration curve and one heat-rate 
curve a r e  given on the maximum boundary since they a r e  almost independent of range 
for the conditions shown in figure 12. 
One might expect that the inverse relationship between heating and entry angle 
results from the longer flight t imes that could be expected for the shallower entry 
angles. However, this is not the case as, for a particular down range, the entry time 
actually increases as the entry angle becomes steeper since the vehicle achieves its 
maximum acceleration early in the entry and spends more time in the ballistic skip at a 
reduced velocity. The increase in heating 
_ _ _  Minimum Qc Down range, n. mi. with reduced entry angle, shown in fig­
a- 12 x lo6/% Maximum Qc 1200 ure  12, in reality results from the smallerc
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c ..‘..-1800 jectories with a specific initial velocity and u 
-2_ -1200 down range, reductions in the initial entryc 
angle lead to reductions in  peak accelera­
tion and peak heating rate which, in turn, 
result in  an increase in the minimum and 
In i t ia l  entry angle, deg maximum heat boundaries. 
Figure 12.- Effect of entry angle on optimal convective heating The effect on optimal heating ofboundaries. Vo = 10.972 km/sec; ho = 121.92 km; 
m/CDS = 322 kg/m 2 ;L / D  = 0.5. varying the initial entry velocity is shown 
in figure 13. Given in this figure is the 
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minimum and maximum convective heating attainable for various down-range conditions 
with initial velocities between about 9.5 and 12.5 km/sec. Also given are the peak 
acceleration and the peak heating rate  attained for each entry condition. 
Figure 13 shows that the boundaries on convective heating a r e  raised as the initial 
velocity is increased. This result is to be expectedsince convective heating is a strong 
function of velocity (Qc 0:V3). Thus, as initial velocity is increased, more energy must 
be dissipated during the entry and, therefore, total heat input increases. Note that, 
while peak acceleration increases with increasing velocity as shown in figure 13, this 
is not the predominant factor in determining minimum entry heating as for the data of 
figure 12 for which all entries were with the same initial velocity and energy. Note 
also that, for maximum heat entries, peak heating rate increases with increasing velocity 
whereas the reverse is t rue for peak acceleration. This effect results since, as initial 
velocity is increased, the greater lift and centrifugal force on the vehicle permit a pullout 
at a higher altitude. Thus, peak acceleration is reduced while, because of the strong 
dependence of heating on velocity, the heating rate increases. 
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Figure 13.- Effect of entry velocity on optimal convective heating 
boundaries. ho = 121.92 km; yo - -65O;m/CDS - 322 kg/m2; 
L ID - 0.5. 
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an additional heating effect is of interest. 
Although both the lower and upper bounds on 
heating increase with decreasing entry angle 
(for Vo = Constant) or with increasing entry 
velocity (for yo = Constant), the change in 
the upper boundary is proportionately larger 
than that for  the lower boundary. Thus, the 
spread of heating values is widened as entry 
angle is reduced or as entry velocity is 
increased. For example, consider entries 
with a down range of 2400 nautical miles. 
From figure 12 it is seen that reducing the 
entry angle from -7.5O to -5.50 increases the 
lower heat boundary by about 0.8 X 108 J/m2 
whereas the upper boundary is increased by 
about 2.3 X 108 J/m2. Thus, for the assumed 
conditions, a reduction in entry angle of 2' 
leads to an increase in the width of the 
heating boundaries of nearly 40 percent. 
This heat-boundary effect is even greater 
when entry velocity is increased, as is 
shown by figure 13. For example, with a 
down range of 2400 nautical miles, increasing 
the entry velocity from 10 km/sec to 12 km/sec increases the width of the heat boundary 
by over 100 percent. 
It is reassuring to note that the heating rates  shown in figures 1 2  and 13 a r e  in gen­
era l  agreement with those given in reference 10 for the Apollo vehicle. 
Radiative Heating Effects 
Previous results on entry heating have included only the convective contribution to 
entry heating. Brief consideration is now given to radiative heating and its effect on 
optimal heat trajectories. As described in the section ttScopeof Study," the heating cal­
culations are based on assumed empirical models for radiative heating and the results 
presented should be considered with reference to these assumptions. Although the 
results would have varied somewhat if  other heating models had been used, they are 
considered to be representative of the stagnation radiative and convective heating which 
would occur during entry with the assumed initial entry conditions and vehicle. 
Given in  figure 14(a) a r e  minimum heating trajectories for which only radiative 
effects a r e  included and for which both radiative and convective contributions were con­
sidered. A comparison of the minimum total heat trajectory of figure 14(a) with a simi­
lar trajectory given in figure 8 for which only convective heating was included shows that, 
except for a slight increase in peak acceleration and about a 10-percent r i se  in heat input 
for the total heat entry, the two trajectories a r e  similar.  This condition results since 
the radiative contribution to the total heat is small  compared with the convective contri­
bution as is also shown by the relative low level of heating attained for the radiative 
heating trajectory in figure 14(a). 
Although total heating and convective heating trajectories a r e  nearly identical, the 
minimum radiative heat trajectory of figure 14(a) departs radically from other types of 
minimum heating entries. This trajectory, in fact, is similar in nature to that for maxi­
mum convective heating as a comparison of figures 14(a)and 8 shows. 
Typical entries for which radiative heating as well as total heating were maximized 
a r e  given in figure 14(b). These results, which were for a down range of 1200 nautical 
miles, can be compared with the trajectory in figure 8 for which convective heating was 
maximized. As for minimum heating, the maximum total heat entries differ little from 
those for which only convective heating was included. It is of interest to  note that the 
maximum radiative heat trajectory given in figure 14(b) is similar to the minimum con­
vective heat results given in figure 8. 
Optimal radiative and total heat entries were computed for other down range condi­
tions and the results were in agreement with those of figures 14(a)and 14(b). Thus, for 
entry velocities of about 11 km/sec, although equilibrium radiation contributes about 
10 percent to the total heat input, the shape of optimal heat trajectories is largely 
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Figure 14.- Effect on optimal heating entries of including equil ibrium radiation effects. Vo = 10.972 km/sec; 
ho = 121.92 km; y o  = -6.5O; m/CDS = 322 kg/m2; L/D = 0.5. 
determined by convective inputs. Also, minimum radiative heat trajectories tend 
to  follow the same shape as maximum convective heat trajectories whereas maximum 
radiative heat entries are similar to those for minimum convective heating. 
Minimum radiative and total heat entries were also computed for entry velocities 
above and below the nominal value of 10.972 km/sec. For smaller velocities the radia­
tive effects were naturally less than those shown in figures 14(a) and 14(b) and, thus, could 
be neglected for all practical purposes. For entry velocities greater than 10.972 km/sec 
radiative contributions were, of course, found to be of increasing importance. For 
example, with an entry velocity of 11.6 km/sec, radiative heating accounted for almost 
25 percent of the total heat input. However, optimal heat trajectories at this entry veloc­
ity were still strongly dominated by convective heating and continued to follow the general 
shape of optimal entries for which only convective heating was included. Optimal total 
heat entries with velocities in excess of 11.6 km/sec were not considered since above 
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this velocity, the constants in  the radiative heat equation change values (ref. 4), and no 
provisions for accomplishing this change were included in the optimization program. 
As shown in reference 4, for entry velocities of about 12.2 km/sec, radiative inputs 
are of near equal importance to convective inputs; thus, for these velocities optimal 
heat trajectories could be expected to assume some compromise shape between those 
given in figures 14(a) and 14(b). However, since radiative heating is basically a high-
velocity effect which occurs during the early part of a trajectory and which cannot be con­
trolled as easily as convective heating, it could be expected that even for entry velocities 
around 1 2  km/sec (39 370 ft/sec), the general shape of optimal total heat trajectories 
would continue to be dominated by convective effects. An obvious need for further study 
exists in this high-velocity region of the entry corridor. 
Correlation and Trade-off Between Maximum Maneuver 
Capability and Optimal Heating 
The previous analysis has investigated trajectories for which either range or 
heating was optimized separately subject to in-flight constraints on altitude or  accelera­
tion. The combined effects of optimal heating and maneuver capability a r e  now consid­
ered with the objective of finding a possible trade-off between these quantities. 
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Figure 15.- Trade-off between maximum maneuver capabil­
ity and optimal convective heating. Vo = 10.972 kmIsec; 
ho = 121.92 km; y o  = -6.5'; m/CDS = 322 kg/m2; 
L/D = 0.5. 
Given in figure 15 a r e  summary plots of 
two down range conditions for which cross range 
was constrained to various values up to its max­
imum and for which convective heating was 
either minimized or maximized. Acceleration 
constraints are included for the short-range con­
dition of 1200 nautical miles and altitude con­
straints were applied for the 2400-nautical-mile 
entries. The 100 percent of maximum cross-
range points given in figure 15 correspond to the 
entries for which cross range was maximized, 
and the minimum and maximum points on the 
curves refer to entries for which heating was 
either minimized or maximized with only a 
down-range constraint included in each case. 
As is shown in figure 15, the minimum 
heating curves are reasonably flat over much 
of cross -range capability, the large increase 
in heating occurring as the maximum cross-
range condition is approached. For example, 
consider unconstrained entries, with a down 
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range of 2400 nautical miles. Figure 15 shows that, although the minimum heating con-. 
dition corresponds to  only about 30 percent of the maximum cross  range, about 80 per­
cent of the increase in heating with cross  range occurs in the last 20 percent of maximum 
cross-range capability. Thus, by reducing the maximum cross  -range requirements by 
20 percent, a large reduction in entry heating can be achieved. This effect is also true 
for the unconstrained, short-range entries given in  figure 15 and to  a somewhat smaller 
extent for the altitude-limited and acceleration results given. For the results shown in 
figure 15, the absolute minimum heating condition occurred in the range between 20 and 
40 percent of maximum cross  range. It is therefore of interest to note that the heating 
levels increased only slightly as the cross  range was reduced to  zero. Thus, no signifi­
cant heating penalty is incurred for "straight ahead" entries. This result could be 
expected for a vehicle with a capability for varying lift in the vertical plane (by varying 
angle of attack) without affecting lateral  lift but might not be anticipated for the assumed 
fixed-lift-drag-ratio vehicle which achieved lift variation by roll  modulation. Since the 
resulting trajectories for these zero-cross-range entries a r e  of an interesting nature, a 
typical trajectory for this type of entry is given in figure 16. 
I 1 1 1 1 1 I l l 
400 600 800 loo0 1200 
Down range, n. mi. 
Figure 16.- Min imum convective heating trajectory with f inal 
cross-range constrained to zero. V
0 
= 10.972 
2
km/sec; 
h
0 
= 121.92 km; yo = -6.5'; m/CoS = 322 kg/m ; L/D = 0.5. 
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Figure 16 shows a minimum convec­
tive heating trajectory with a down range of 
1200 nautical miles for which the final cross 
range was constrained to zero. The roll-
angle history for this entry follows an inter­
esting pattern. Preceding the initial accel­
eration buildup, the vehicle rolls to direct 
lift downward as was the case for previous 
minimum heating entries (fig. 8). As the 
acceleration peak was approached, a near 
step input in roll angle was employed to 
position the vehicle such that lift was 
directed in an upward direction. During the 
ascent into less  dense atmosphere, the 
vehicle rolled rapidly through 360° and again 
assumed an upward lifting condition. This 
last roll maneuver probably resulted from 
the initial reference trajectory used, which 
was a constant roll rate of 2900 per minute 
(this roll ra te  resulted in a down range of 
1200 n. mi. and very little cross  range), 
since it allowed the vehicle to employ this 
reference roll  ra te  while outside the 
atmosphere. As the vehicle re-entered the atmosphere, it assumed a downward lifting 
position throughout the remainder of the entry, as is shown in figure 16. 
Minimum heating trajectories for straight-ahead entries with other down-range 
conditions and with acceleration and altitude constraints imposed were similar to those 
shown in figure 16. Thus, to  achieve minimum heating with no f ina l  cross  range, a near 
bang-bang type of control is used such that lift is directed only in the vertical plane 
during critical portions of the entry 
Effect of Vehicle Characteristics on Optimal Performance 
Previous results have been based on an entry vehicle with a lift-drag ratio of 0.5 
and a ballistic parameter m / C d  of 322 kg/m2. The effect on optimal maneuver capa­
bility and heating of changes in the assumed vehicle characteristics is now considered 
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(a) Effect of variations in lift-drag ratio. m C S - 322 kg/m 2 ./ D  -
Figure 17.- Effect of changes in vehicle characteristics on 
maximum maneuver capability and optimal convective 
heating boundaries. Vo - 10.972 km/sec; ho = 121.92 km; 
y = -6.50. 
with reference to  results of fig­
ure  1. The effect of variations in 
the lift-drag ratio and ballistic 
parameter is included. 
Effect of changes in lift-drag 
ratio.- The effect on maximum 
maneuver capability and optimal 
heating of varying the lift-drag 
ratio of the assumed entry vehicle 
from about 0.2 to 0.5 is given in 
figure 17(a). Nominal entry condi­
tions and a ballistic parameter of 
322 kg/m2 were used in obtaining 
these results. 
For each down-range condi­
tion given, figure 17(a) shows that 
maximum cross range increases 
almost linearly with L/D over a 
large portion of the L/D variation 
considered. The zero cross-range 
condition shown for each down range 
corresponds to  the smallest value of 
L/D for which that particular down 
range can be achieved. 
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boundary, as is shown in figure 17(a). For 
example, with a down range of 2500 nautical 
Minimum Qc 
14 x lo8 ---Maximum Qc Down range, miles, lowering the vehicle L/D from 0.5 to n. mi. 0.3 ra ises  minimum heating by only 5 percent 
whereas it lowers maximum heating by 25 per­-I/-1200 cent. Thus, although reductions in the L/D 
2400 	 of the vehicle lead to small  increases in the 
lower boundary on heating, the relatively larger  
decreases in the upper boundary may make the 
overall effect a beneficial one from the view­
2
CBallistic parameter, m/ D  S, kg/m point of entry heat protection. However, since 
(b) Effect of variations i n  ballistic parameter m/CDS. reductions in lift requirements place a heavy 
L/D = 0.5. penalty on maximum maneuver capability, 
Figure 17.- Concluded. trade-offs exist between vehicle lift-drag ratio, 
maneuver capability, and entry heating. 
Effect of changes~ ~-in ballistic parameter. - The effect on maximum maneuver capa­
~~ 
bility and optimal heating of varying the ballistic parameter of the entry vehicle between 
about 200 and 450 kg/m2 is given in figure 17(b). Nominal entry conditions and a lift-
drag ratio of 0.5 were used to obtain these results. 
Over the range of conditions given, figure 17(b) shows that variations in the ballis­
t ic parameter of the vehicle have only a small  effect on the maximum cross  range attain­
able. As is shown in the figure, the maximum cross range increases very slightly as the 
ballistic parameter is reduced. Figure 17(b) also shows that for a particular down-range 
constraint, minimum and maximum convective heating increase linearly with increases in 
the ballistic parameter. Thus, for the range of conditions included in the analysis, reduc­
tions in the ballistic parameter of an entry vehicle a r e  beneficial from the point of view 
of both entry heating and maximum maneuver capability. 
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Effect of Rotation of Earth on Maximum Maneuver 
Capability and Optimal Entry Heating 
The results given in  previous sections of the report were obtained with the 
assumption of a nonrotating earth and atmosphere. Although the effect of the earth's 
rotation on maneuver capability and heating can be predicted intuitively, a limited number 
of results relating to  this effect are included for completeness. The results to  be pre­
sented were obtained for entries with an inertial velocity of 10.972 km/sec and a flight-
path angle of -6.50. Entries were assumed to  be initiated at the equator with various 
inertial headings. 
Entries with inertial headings along equator.- The effect on minimum and maxi­
mum convective heat boundaries of equatorial entries to  the east and to  the west is 
shown in figure 18(a). Also given is the peak acceleration achieved for each entry condi­
tion as well as the corresponding heating and peak acceleration resulting on similar 
entries for which the rotation of the earth was not included. 
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(a) Effect on heating boundaries and peak acceleration of initial 
headings toward east and west 
Figure 18.- Effect of earth's rotation on maximum maneuver 
capability and optimal convective heating boundaries. 
Vi,o - 10.972 km/sec; ho = 121.92 km; yo = -6.5'; 
m/CDS = 322 k g h2 ; LID - 0.5. 
The higher levels in minimum and 
maximum heating shown in figure 18(a)for 
western as compared with eastern entries are 
basically a velocity effect. This fact can be 
verified by referring to figure 13 which gave 
maximum heating for the case of a nonro­
tating earth. Consider minimum heating 
entries with a down range of 1200 nautical 
miles. An inertial velocity of 10.972 km/sec 
(36 000 ft/sec) results in initial velocities 
of about 10.5 and 11.44 km/sec, respectively, 
for eastern and western entries. Figure 13 
shows that, for a down range of 1200 nautical 
miles, initial velocities of 10.5 and 11.44 
correspond to minimum heating levels of 
4.2 X 108 J/m2 and 4.9 X 108 J/m2; these 
values are in close agreement with the 
heating values given in figure 18(a) for 
similar conditions. 
Trajectories were also computed to 
determine the effect on maximum cross 
range of initial headings to  the east and west. 
Two factors influence the c ross  range for 
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these entries. The increased velocity for western compared with eastern entries tends to 
increase the maximum cross range, and the shorter range actually traveled for western 
entries (due to  earth's rotation) tends to decrease the c ross  range. For example, with a 
desired down range of 2400 nautical miles, the actual ground distances traveled to the east 
and west were about 2580 and 2220 nautical miles, respectively, whereas for a down range 
of 1200 nautical miles, the distances were about 1320 and 1080 nautical miles, respec­
tively. The data of figures 3 and 7(b) can be combined to  show that these velocity and 
range effects could be expected to result in a slight increase (10 to 20 n. mi.) in maxi­
mum cross  range for east-west entries as compared with the case for a nonrotating 
earth. The actual results obtained on east-west entries for which cross range was maxi­
mized were in general agreement with the previous predictions. However, since the dif­
ferences in maximum cross  range for the same down range were small  between east, 
west, and nonrotating earth entries, the maximum cross  range can for all practical pur­
poses be taken to  be constant for these entry conditions. 
Thus, in summary, although velocity effects lead to increases in optimal heating 
levels for western equatorial entries over those for similar entries into a nonrotating 
atmosphere and although the reverse  is true for eastern equatorial entries, velocity and 
earth-rotation effects on cross  range tend to cancel for eastern and western entries and 
lead to near-constant values for maximum cross  range for similar east, west, or nonro­
tating earth entries. 
Entries with inertial heading toward-north and south. - Since the rotation of the 
earth has only a small  effect on a vehicle's velocity with respect to  the atmosphere for 
north or south entries from the 
equator (increases it from 10.972 
to about 10.974 km/sec), it would 
be expected that heat boundaries 
for these trajectories would be 
about the same as those for non-
I I I I I I I I I I rotating earth entries. This result 
was found to be the case, as no 
apparent differences in optimal 
heating resulted between north, 
south, or nonrotating earth entries. 
8 0 0 1 - 1  I I I 1 I I I 1 I I I I 
3200 2400 1600 800 0 800 1600 2400 3200 
However, as expected, the earth's 
South Down range, n. mi. North A rotation significantly influences the 
(b) Effect on maneuver capability of ini t ial  headings toward north maximum maneuver capability for 
and south. north-south entries as is shown in 
Figure 18.- Concluded. figure 18(b). 
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Given in figure 18(b) a r e  the maximum cross ranges attainable, for a number of 
down-range conditions, for entries initiated at the equator into a rotating atmosphere 
with inertial headings toward the north and south. For comparison purposes, corre­
sponding curves for nonrotating earth entry are also shown. Although previously given 
footprints, for which no earth rotation is included, are symmetrical about the down-range 
axis (dashed lines in fig. 18(b)), this is not the case for north-south entries as is shown 
in figure 18(b). This condition results from a combination of two factors. On north or 
south entries, for which the heading change is toward the east, the rotation of the atmos­
phere tends to aid in this heading change and hence the cross  range is increased whereas 
the rotation of the earth beneath the vehicle tends to reduce the cross  range. On north-
south entries with heading changes toward the west, these atmospheric and earth-rotation 
effects tend respectively to reduce and increase cross range. The net effect, as is shown 
in figure 18(b), is that maximum cross  range is greater for north or south entries with 
final destinations toward the west than for similar entries with heading changes to  the 
east. Thus, as expected, the rotation of the earth under the vehicle is the dominant fac­
tor in determining maximum cross range for north or  south entries. 
For down ranges greater than about 1700 nautical miles, the maximum cross  range 
is slightly greater for north-south entries with a rotating earth than for similar entries 
with a nonrotating earth. Thus, for these entries the increased heading changes resulting 
from the atmosphere's velocity component more than compensate for the reduction in 
cross range due t o  the rotation of the earth. 
Optimization of Skip Trajectories 
As was previously described, direct optimization of skip-type trajectories was 
found to be impractical because of the long computing t imes involved and due to conver­
gence problems caused by the extreme dependence of terminal conditions on control 
inputs during the initial atmospheric phase of the entry. It is, however, possible to 
investigate certain portions of skip trajectories without considering the trajectory in its 
entirety. This approach is employed in the following discussion. 
Given in figure 19(a) a r e  optimal trajectories from a convective heating sense, for 
which the exit velocity and flight-path angle were constrained, respectively, to values of 
7.772 km/sec (25 500 ft/sec) and 2 O  at a skip altitude of 91.44 kilometers (300 000 ft) .  
These skip conditions result in the vehicle traveling a distance of 6000 nautical miles in a 
ballistic trajectory from the exit altitude to a reentry point at the same altitude. Although 
the complete trajectory, which includes these exit conditions, is not optimal, the portion 
leading up to exit from the atmosphere, shown in figure 19(a), is of interest since it con­
trasts minimum and maximum heat trajectories for this phase of a possible skip entry. 
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A comparison of the roll-angle variations of figure 19(a) with previous optimal heat 
trajectories shows that the control inputs are similar during the initial entry phase. In 
general, figure 19(a) shows that for  minimum heating, the vehicle pulls up rapidly after 
an initial high acceleration period and then uses negative lift to  reduce the flight-path 
angle to  the desired value at exit whereas for maximum heating, the vehicle decelerates 
more slowly and gradually increases the flight-path angle to the required value of 20 at 
exit. 
The distance traveled during the maneuvers shown in figure 19(a) was about 
1000 nautical miles. Including the ballistic range of 6000 nautical miles and the 
reentry range of about 600 nautical miles gives an overall range of about 7600 nautical 
miles for this skip entry. The data of figure 9 could be extrapolated to predict a mini­
mum heating level of at least 6 X 108 J/m2 for an entry with this range. The minimum 
Time, sec Time, sec 
(a) Optimal convective heating. (b) Maximum heading change. 
Figure 19.- In i t ia l  atmospheric phase of typical optimal skip trajectories. V, = 10.972 km/sec; ho = 121.92 km; yo - -6.50; 
m/CDS = 322 kg/m2; LID  = 0.5; V, = 7.772 km/sec; h, = 91.44 km; yx  - 20. 
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heat level of 4.5 X 108 J/m2 shown in figure 19(a) might appear to be inconsistent with 

this value. However, the minimum heating which can be achieved during the final reentry 

following the ballistic flight (Vo = 7.772 km/sec (25 500 ft/sec), ho = 91.44 km 

(300 000 ft), y = -2O) is about 2 X 108 J/m2 (1.76 X 104 Btu/ft2). Hence, the total heat 

input for this skip entry of about 6.5 X 108 J/m2 (5.73 X 104 Btu/ft2) is in agreement with 

the results of figure 9 and shows that for ranges greater than about 3000 nautical miles, 

the increase in  minimum heating with range is small. 

An additional skip trajectory which could be of practical importance is given in  
figure 19(b). Shown here is the initial portion of a skip trajectory for which the change 
in  vehicle heading was maximized subject to the same exit conditions as were imposed 
on the trajectories of figure 19(a). Figure 19(b) shows that a maximum heading change 
was achieved by applying a large par t  of available l i f t  in a lateral direction throughout 
the entry and by using vertical lift to establish the desired exit flight-path angle early in 
the pullup phase. Although the resulting heading angle change of 80 may not appear 
overly impressive, it becomes so when compared with the heading changes of about 2O 
which resulted during the optimal heat trajectories of figure 19(a). 
Guidance Sensitivity Requirements for Optimal Trajectories 
The objective of this section of this report  is to  compare briefly various optimal 
entry missions from a standpoint of the guidance sensitivity requirements for effective 
trajectory control along the desired.flight path. The discussion relates only to the 
principal control variable (roll angle) and no consideration is given to such factors as 
vehicle stabilization during the required maneuvers. 
Consider entries of the type given in figure 4(a) for which maximum cross  
range was  achieved with and without an altitude constraint imposed. The roll-angle his­
tories for these entries include no rapid changes of a nature which would be difficult for 
an automatic or pilot-controlled system to follow. (Although roll angle is given in 
fig. 4(a) as a function of down range, the actual time histories followed a pattern similar 
t o  that shown.) However, it could be expected that unconstrained skip entries of this 
type would require more precise control than the altitude-limited cases because of the 
sensitivity of range to e r r o r s  in the exit conditions. For example, on a skip trajectory 
such as that of figure 4(a) (hx = 91.44 km, Vx = 6.9 km/sec, yx = 1.050), an e r r o r  in 
ballistic range of 50 nautical miles occurs for each 0.10 error in exit flight-path angle, 
as is shown in reference 12. Thus, although skip trajectories a r e  advantageous from a 
heating standpoint (as previously shown), they may be more sensitive to control e r r o r s  
than altitude-limited entries. 
The control-variable histories for minimum range entries also exhibit a slowly 
varying nature, as is shown in figure 6. The appearance of these trajectories is possibly 
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deceptive since previous studies have shown that minimum range entries are demanding 
from a control standpoint (refs. 7 and 8). This condition results from the difficulty in 
controlling acceleration to  the desired value and the corresponding dependence of mini­
mum range on acceleration. An additional complication for these trajectories is that the 
short  entry times involved (3 minutes or less) allow little margin for e r ror .  
An examination of minimum heat trajectories given previously shows that the roll-
angle variations a r e  more rapid than was the case for minimum or maximum cross-range 
entries. However, these roll ra tes  a r e  still generally found to be of a reasonable nature. 
For example, the 1800 change in roll angle shown in figure 8 occurred over a period of 
about 25 seconds. An analysis of the effect of altitude constraints on guidance sensi­
tivities for  minimum heat entries is similar to that already given for maximum cross-
range entries. 
SUMMARY OF RESULTS 
The results of a study conducted to investigate optimal performance boundaries, 
from considerations of maneuver capability and entry heating, for an Apollo type vehicle 
under entry conditions encountered during lunar return can be summarized as follows: 
1. Maximum cross range generally increases with reduced entry angle for ranges 
greater than about 2000 nautical miles, whereas the reverse  is t rue for shorter ranges. 
The resultant heating for these entries increases as the initial entry angle is reduced. 
2. Maximum cross-range capability and the resultant heating increase as initial 
velocity is increased. 
3. Realistic constraints on skip altitude result in small  decreases in maximum 
cross-range capability but lead to proportionately larger increases in the resultant 
heating. 
4. In general, minimum convective heat trajectories a r e  characterized by large 
acceleration pulses and ballistic skips, whereas maximum convective heat trajectories 
feature low-altitude low-acceleration flight paths. 
5. The general effect of acceleration and altitude constraints on minimum and 
maximum heat boundaries is an increase in the minimum boundary as the acceleration 
level or skip altitude is lowered; thus, the spread of heating values attainable is reduced. 
6. For a particular range condition, the level of the minimum and maximum heat 
boundaries increases almost linearly as initial entry angle is reduced and as initial veloc­
ity is increased. As the increase in the upper boundary is proportionally larger than for 
the lower one, the net effect is a widening of the spread of heating values attainable. 
36 

I 

7. Although radiative effects accounted for as much as 25 percent of the total heat 
input for the conditions assumed in  the analysis, the general nature of minimum and 
maximum heat trajectories was largely determined by convective effects. 
8. For a particular down range condition, the minimum heating attainable is reason­
ably constant over much of the cross-range capability of the vehicle, the large increase in  
heat input occurring as the maximum cross-range condition is approached. Thus, trade-
offs exist between maneuver capability and entry heating. 
9. Optimal trajectories for which final c ross  range is constrained to zero employ 
near-constant roll  rates or a combination of constant roll  rate and bang-bang type of con­
trol  to  achieve the desired trajectory. 
10.Although reductions in vehicle lift-drag ratio place heavy penalties on maximum 
maneuver capability, the effect on entry heating is generally a beneficial one. Thus, 
trade-offs may exist between lift-drag ratio, maneuver capability, and entry heating. 
11. Reductions in the ballistic parameter of the vehicle are beneficial from the 
standpoint of both optimal maneuver capability and entry heating. 
12. The rotation of the earth and atmosphere has little effect on maximum cross-
range capability for equatorial entries to the east or  west. However, the increased 
velocity of the vehicle with respect to  the atmosphere for western entries results in 
higher levels of minimum and maximum heating as compared with eastern entries. For 
entries to  the north or south, the rotation effect influences maximum maneuver capability 
but has no apparent effect on optimal heating. 
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Station, Hampton, Va., November 14, 1966, 
125-17-05-01-23. 
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